For a nonempty nite set V let 3 V be the set of all the ordered pairs of disjoint subsets of V , i.e., 3 V = f(X; Y ) j X; Y V; X \ Y = ;g. We de ne two operations, reduced union t and intersection u, on 3 V as follows: for each (Xi; Yi) 2 3 V (i = 1; 2)
f (X1; Y1) + f (X2; Y2) f ((X1; Y1) t (X2; Y2)) + f ((X1; Y1) u (X2; Y2)): For a ft; ug-closed family F 3 V with (;; ;) 2 F and a so-called bisubmodular function f : F ! R on F with f (;; ;) = 0, the pair (F; f ) is called a bisubmodular system on V .
In this paper we consider two classes of bisubmodular systems which are closely related to base polyhera. The rst one is the class of balanced bisubmodular systems. We give a characterization of balanced bisubmodular systems and show that their associated polyhedra are the convex hulls of re ections of base polyhedra. The second one is that of cut functions of bidirected networks. It is shown that the polyhedron determined by the cut function of a bidirected network is the set of the boundaries of ows in the bidirected network and is a projection of a section of a base polyhedron of boundaries of an associated ordinary network.
This article is based on 4] and some parts of it are taken from K. Ando's dissertation 1].
Introduction
For a nonempty nite set V let us consider a family F 3 V f(X; Y ) j X; Y V; X \ Y = ;g which is closed with respect to the operations, reduced union t and intersection u, de 10] . Bisubmodular polyhedra are also characterized as the polyhedra for which certain variant of greedy algorithm works, as was shown by Chandrasekaran and Kabadi 11] . Indeed, the class of bisubmodular polyhedra was rst investigated as the class of such greedy polyhedra by Dunstan and Welsh 14] . A characterization of bisubmodular functions was given in 5]. General structures of bisubmodular polyhedra were studied in some depth in 3], based on the signed Birkho theorem.
In this paper we consider two special classes of bisubmodular systems, namely, balanced bisubmodular systems and bisubmodular systems associated with cut functions of bidirected networks. As we will see later, these two subclasses have a common feature: the bisubmodular polyhedra associated with these bisubmodular systems are represented in terms of base polyhedra.
In Section 2 we describe elementary notions of ft; ug-closed family, bisubmodular system and bidirected graph and give fundamental results to be used later.
In Section 3 we introduce the concept of balanced bisubmodular system. We give a characterization of balanced bisubmodular systems and it will turn out that the possibly unbounded bisubmodular polyhedron associated with such a balanced bisubmodular system is the convex hull of re ections of some base polyhedra.
In Section 4 we investigate cut functions of bidirected networks and associated polyhedra, where the reduction technique used in 6], 7] and 16] is fully exploited. We will see, as is the case for cut functions of ordinary directed networks, that the polyhedron determined by the cut function of a bidirected network is the set of the boundaries of ows in the bidirected network. Also, it will be shown that the polyhedron determined by the cut function of any bidirected network is a projection of the intersection of a base polyhedron and a subspace. Results obtained in Section 4 give a foundation for investigation of structures of bisubmodular polyhedra (see 3]).
It should be noted here that an interesting application of the bidirected network ow problem has recently been reported by M ohring, M uller-Hannemann and Weihe 19] . They considered the mesh re nement problem arising in a computer-aided design, where a desired mesh re nement was made by solving a sequence of bidirected ow problems.
De nitions and Preliminaries
We give basic de nitions and some preliminaries to be employed in the subsequent sections.
Throughout this paper V denotes a nonempty nite set. R, R + and Z, respectively, stand for the set of reals, the set of nonnegative reals and the set of integers. We denote by I(G) the set of all the ideals of G.
We have the following representation theorem for ft; ug-closed families. Theorem 2.1 (Signed Birkho Theorem 2] (see also 22])): For any ft; ug-closed family F on V with (;; ;) 2 F there exists a bidirected graph G = (V; A; @) such that F = I(G). forms a distributive lattice with join t and meet u and that it has a unique maximal element (S; T) and a unique minimal element (;; ;).
De ne for each orthant (S; T) 2 F P (S;T ) (f) = fx j We also have another characterization of balancedness given below. The \only if" part: Suppose (F; f) is a balanced bisubmodular system on V . Then, by de nition, there exists an orthant (S; T) 2 3 V such that (S; T); (T; S) 2 F. Hence, for any vector x in the characteristic cone of P (f) we have x(S; T) = 0. Therefore, the characteristic cone of P (f) is a subset of the characteristic cone of B (S;T ) (f).
The \if" part: Conversely, suppose that a bisubmodular system (F; f) on V is not balanced. Let G = (V; A; @) be a bidirected graph representing F as in Theorem 2.1. Then, for each orthant (S; T) 2 F = I(G) there is an arc a (S;T ) 2 A such that h@a (S;T ) ; (T;S) i > 0 since otherwise we would have (T; S) 2 F . This implies @a (S;T ) is not in the characteristic cone of B (S;T ) (f). However, @a (S;T ) is in the characteristic cone of P (f) by the de nition of ideal. (Proof) It su ces to prove the theorem when (F; f) is simple (and spanning due to the balancedness of (F; f)). This assumption guarantees that P (f) is pointed. From Lemma 2.2 we have P (f) H( fB (S;T ) (f) j (S; T) 2 F; S T = V g): (3. 3)
The converse inclusion also holds by Lemma 2.3 and Theorem 3.2.
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It should be noted that (3.2) does not hold in general for non-balanced bisubmodular systems.
For example, consider bisubmodular system (F; f) on V = f1; 2g, where F = f(;; ;); (f1g; ;); (f1; 2g; ;); (f2g; ;); (f2g; f1g); (;; f1g)g: Also, note that when P (f) is bounded, i.e., F = 3 
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We obtain the bisubmodularity of the cut function^ c from the submodularity of c . We rst show a preliminary lemma.
For a subsetŨ ofṼ de neŨ = f(v; ? ) j (v; ) 2Ũg: The bisubmodular polyhedron associated with the cut function of a bidirected network is related to the base polyhedron associated with the ordinary cut function of its signed covering network in an interesting way as the following theorem shows. It follows from (4.16) that @' = x, i.e., x 2 @ . 2
It should be noted that the degree sequence polyhedron of an undirected graph is a special case of (4.15) , where all the arcs are of type (1) Then, we have I(G 1 ) = F, and hence, Theorem 4.6: For the ft; ug-closed family F of (4.19) , regarding^ c as the restriction of^ c to F, (F;^ c ) is a bisubmodular system on V . Also, (F;^ c ) is a balanced bisubmodular system on V if and only if G 1 is a balanced bidirected graph. 2
